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S U MMARY

The report is separated into two parts. 11t the
fir._t part the theoretical basis j;_r calculating the

lateral moll,ms oJ an airplane .flying th,rough con-

tinuous random atmospheric turbulence is presented.

The lateral motions are derived in terms oJ (1) the

tra_,ffer Ju_ction._ relating the motion in the rarious

degtves of .freedom, to the yawing moment, rolling

moment, and side.force, (2) the ,_tati,stleal.forces aml

moment,_, at the ce_der oJ gradty due to gust cdoeitie._'
acting on the l_Zftlm/ ,¢u_faees _f the airpla_e, and

(3) the power ,_peetra of the three orthogonal com-

ponent._' of gu._'t vebwlty acting on, the airplane along

the flight path. The method takes into accould the

random variation,_ o.f gust velocity acros,_, the span

and along the .fuselage. Solutions are given in the

.form qf equations relating the power ,_pectra qf the
angular motions _ the airphtne to the power spectra

qf the gust velocitie<

Tt_ree airplanes of different size are .used to dem-

on._'trate th,e method, ;llu,_'trate characteristic tremts,

and exhibit some simplifications possible in the

calculations. For the,s'e airplanes the e_ect, of hori-

zoldal gu,_ts (that i_., guds parallel t. tl_e flight path)

and ,side Jorces due to gusts on the airplanes were
f.und to be negligible.

By using one o/ the example airplanes, a com-

parison is drawn between the presel_t theory and

sereral less comprehensive theories fi_r ealeuhtting

the effect of gusts on wings of fil_ite ,¢pan and the

effect o.f gu,q,_' on the motlon,_ oj the complete airplal_e.

In the second part qf the report a relatively sh,rt

mettwd qf calculating the laleral motions of an air-

plane due to ra_Mom, atmospheric turbulence is pre-
so.ted. The gu,_'t celoeities are represented a,9 equit,-

alent rigid-bodg rotations _( the ahTdane,¢; namel!l,

rolling yu,_'t,_', yawing gu._,t,s, and ,_'ide gu,_t,_'. Ran-

dom di+,tributions of gu.t _'elocitie,s across the ._pan

are taken into account ,in &fining th,e rolling al_d

yawing gud,s. Complex stability deriratices are

used to account for the random di,,'tribution qf ,,'ide

gus& alol_g the fu+'elage and vertical tail and the lag

O'fect incurred a,s the airplane pelu_trate,_" the gu_'t,_.

The sugge,sted gu.st spectrum G" ba,_cd on a .simple
anah.flieal expre,_sion which fit_ available mea,_ure-

ment._' of atmospheric turbulence. .1 45-,qep sample

calculation procedure for obtaining the re,_ponse oJ

the airplane in each degree of freedom is prese_ded

in tabular form.

INTRODUCTION

The classical theory of stability and eonlrol of

airplanes has been applied to the calculation of

response to controls _md response to gusls. In

the calculation of response to gusts, however, the

angh;-of-atlack distributions which produced the
forces and momenls applied to the airplane by

the gust lmve customarily been assumed Io be
equivalent to those resulting fi'om a rigid-body

motion of the airplane. This method was applied

in NACA Report 1 and other early reporls (ref. 1)

in the study of the longitudinal response of air-

planes to gusts and in reference 2 lo the calculation

of l|le lateral response 1o gusts. Because of the
method of aeemmling for lhe effeel of lhe gusls,

I hese analyses were reslrieled to the eonsideralion

of lhe effects of isolated gus(s of some specified

shape. Most early developmenls in the theory

of response 1o gusts were atiempls to account for

fat'lors whi('h were imporlan( in (he eal('ula(ion of

,<upersedes NACA Tee'hnical Note 3054 1,y 3ohll _1". EggIeston, 1957, and NA CA Technical Not,, 4196 by J-ohn 3.1".Eggleston and Wllii:tm H. Ph|llips, 19&R.
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h)a(ls. For example, Ill(' cal('ulation of loads due

to verti('al gusts was extended in reference 3 to
include the effects of unsteady lift and of flexi-

bility.

In the early methods of calculating gust

response, tile analysis (lid not include such factors

as tile penetration effect (a result of the penetra-

tion of a given gust at different times by different
parts of the airplane) and the variation of gust

velocities along the fuselage and spanwise direc-

tions. Ira recent years, some attempts have been

made to include these effects without clmnging

the basic method of approach. In reference 4 an

approximate method was introduced for esti-

mating the penetration effect in the calculation

of longitudinal response to gusts by taking into
account first-order effects of the time lag between

the penetration of the gust by the wing and by the
tail. The method used was similar to that intro-

duced in reference 5 for calculating the effect of

lag of downwash. A similar apl)licalion of this
concept to the calculation of lateral response {o

gUStS ",gas presented in reference 6.
A nlore realistic treatment of random disturl)-

ances in tile atmosphere was made possible with

the introduction of a method of caleulatiIlg the

statistical response of an airplane in terms of (he

s(a(istieal properties of atmosl)heric gust veloc-
ities. This method, known as statistical dynam-

ics, was first, applied in reference 7 to the measure-
ment of the longitudinal response of an airplane

to random vertical gusts and has since been used

extensively in longitudinal gust lea(Is studies.

A theoretical analysis for the statistical lateral

response of an airplane to gusts was given in ref=

erenee 8 xsqwre, in order to approximate the

effects of the span, the turbulence was considered

to be represented by a combination of rolling

gusts and side gusts having arbitrary distributions

along the flight path. With this represent_ltion
of turbulence, however, tile question arose as to

the relative magnitudes of the rolling and side

gusts which wouht satisfactorily represent atmos-

pherie turbulence. In reference 8 the assumption
was made that an arbitrary gust distribution

across the span could be represented by a con-

stunt antis3mmletric gradient which was assumed

to be equal to the gn'adients existing in the cor-

responding distribution of side gusts. Experi-

mental flight measurements of reference 9 indi-

cated, however, that the measured gradients of

vertical gusts across the span did not agree with
the theoretical calculations of reference 8, and the

assumption of nonisotropie atmospheric turbu-

lence was employed in order to fit the theory to

the flight-test results.

A more realistic method of utilizing statisti('al

dynamics to lake into account random gusts both
along the flight path and across the span was re-

pot'ted in reference 10 in outlining a means of cal-

euhttlng the longitudinal response of an airplane.

The analysis was consistent with isotropie lurbu-

lence an(t required only the statistical gust dis-

trit)utions measured at one point in the turbulence.

Therefore, with the advent of statistieaI dy-

namics and more realistic means of 'malyzing the
randonl distrilmtions over the airt)hme as well as

along the flight path, the original methods of

treating gusts no longer appear to be justified.
While it wouhl be desirable to continue to treat

the effects of gusts as equivalent (o certain rigid-
body motions of the airplane, such tre)ttment must
be modified in order to be consistent with statis-

tical gust inputs. The forces and moments on

the airplane rather tlmn the resulting motions are
sta(isti('ally related to the gust input; thai is, a

random distribution of gusls across the span and

along the fuselage of an airphme will produce

('hangos in forces and moments which are relate(t

(o (he gust velocities _dong the flight 1lath only in
a statistical manner. The purpose of part I of

this report is to establish the statistical relations

between gust velocities and the forces and mo-

ments affecting the b(teral motions of the airl)lane

and to use these forces and mome)_ts to compute
the lateral motion.

In preparation for tile calculations of part I,

two preceding papers have been tmblished. One

of these papers (ref. 11) contains a method for

calculating the side force and yawing moment on
the fuselage and tail of an airphmc in continuous

gusts. The other (ref. 12) presents the lateral

forces and moments on a wing due to three-
dimensional random turbulence fro" a number of

wing load distributions and for wings of various

spans. This work (ref. 12) is an extension of the

theory given in reference 10 for defining the lift
on a wing due to random turbulence.

Part I presents a method of utilizing the sta-
tistical forces and moments derived in references

11 and 12 for the calculation of the lateral motion

of an airplane in any hlteral degree of freedom due



THE LATERAL RESPONSE OF AIRPLANES TO RA.NDOM ATMOSPHERIC TURBULENCE

to atmospheric turbulence. First, the governing .f

equations are derived and tile power spectral G

solutions of the motions are given in terms of

linear airplane transfer functions, statistical force
and moment, coefficients, and power spectra of

the three orthogonal components of atmospheric

galst: velocity. General expressions are given or
referenced for each of these indcpemtent functions, hp

Next, solut.ions for three airplanes are shown with h_

trends and possiMe simplifications noted. Finally,

a comparison is made between the results of the I

present theory and those of earlier theories, both i-----_--_i

by comparing the gust distrihutions required to /,2

produce equivalent airl)lane motion and by tom- /Qv

paring the airplane nmtions for the same assumed

gust ehara('toristics.
In part 1I, it is shown that the more conven- Kz

tional method of assuming gust-velocity distribu-

tions equivalent to rigid-body motions of the air-

plane may be refined to provide results equivalent Kxz

to those given t)y the method of part 1. The t"=wL/U

refinements consist in replacing some of the k,,=w,r,,/U

constant aerod3qmmie stability derivatives with k_,k,
complex quantities to account for the _lst penctra- k_z
tion effects and determining the correct relations L

between the spectra of rolling, yawing, and side I_
gusts to yichl results in agTeement with the more
exact analysis. Tim method of part I[ requires

somewhat simpler calculations than tile method
i'B ,_/

of part I and provides a clearer physical picture
of the relations between the various sources of P
lateral gust disturbances.

The reader who is not interested in the detailed q

development of tim theory may go directly to the R
second l)ar_ of the report, which affords a short r
method valid for most aircraft. A brief review S

of the t)ackground material and a detailed ex- s

planation of the method are given therein in a T
self-contained form.

SYMBOLS

b

C.P.

D

E(w_)

t

U

constant used in references 6, 8, and _t

9 to indicate relative amplitudes v

of power spe('tnt IV

wing span w

cross power .\', I,Z
b d

nondimensional opcralor, U dt x,!t, z

plot of _c_ of reference 12

Fourier transform of a quant it 3- CD, 0

arbitrary function of time
matrix containing stability deriwl-

lives relating airplane moments

anti forces to gust velocities

alternate form of G containing fre-

quency-dependent, stalfility deriv-
atives

pressure alt itude

height of center of pressure of ver! i('al
tail above A'-axis

imqginary part of eoml)lex quantily

arbitrary eonsl ant
nondimensional radius of g3q'ation

abouL A_axis, j{:-*
b

nondimensional radius of gD-ration

al)out Z-axis, k_
b

nondimensional product of inertia, _-

radii of gyration

product of gyrai.ion

integral s('ale t)f turt)ulence

tail length measured from center of

_avity to center of pressure of
vor!ical fail

arbitrary terms which may take on
values 1, 2, 3 . . .

rolling velocity, 4,
1

dynamic pressure, _ pU 2

re,tl part of complex quantit 5
yawing velocity,

wing area

profile ]might (see eq. (44))

time interval over whi('h power spec-

trum is ewduated (eq. (83))
time

relative velocity 1)etwecn airplane

and general air mass

velocit 5 along .V-axis

velocity along J_axis

weight of airplane
veh)eity along Z-axis

three orlhogonal axes of airplane

(see fig. 1)
coordinates with reference to .V-, }L, "

and Z-axis

coefficient of drag at, zero lifL
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Lift _o

lift coefficient, q_ ¢o'

rolling-moment coellieient, w',

Rolling moment I [
qSb

yawing-moment coefficient, [ ]
Yawing moment {}

qSb [l
Side force

Cy side-force coefficient, qS

ot angle of art a('k

a0 trim (steady state) angle of atta('k

fl angh, of sideslip

_'=b/L

r effective dihedral angle

,1, flight-path angle
A matrix of airplane equations of

motion in still air

0 angle of pitch
2rU

X wavelength,

Mass
g relative density factor, pSb

p density of atnlosphere

(r sidewash angle

q'r power spectral density of a function f

q)6h cross-power spectral density of time-

tions fl andf2

¢ angle of t'(fll
angle (,f yaw

circular frequency
reduced frequency, o_b/U

natural reduced frequency

absolute value of a quantity (deter-

minan! of a malrix)

rectangular matrix
column matrix

row mat rix

Stat)ility derivatives of airplane are indicated

by subscript not at ion; for example,

bC, bC. b('r

Sul)seripts :

F fuselage
FT fuselage and vertical tail
T vertical tail

W wing

g gust
j, k, m generalized matrix subscripts

o general ,fir mass

Superscript :

* conjugate of a complex number

Bar over a quantity denotes mean value.

Dot, over a quantity denotes derivative with

respect to time.

I. A THEORY FOR THE LATERAL RESPONSE OF AIRPLANES TO ATMOSPHERIC

TURBULENCE

LATERAL EQUATIONS OF MOTION

SYSTEMS OF AXES AND DESCRIPTION OF TURBULENCE

The motions of an airl)lane flying through con-

tinuous atmost)heric tm'bulence are defined as

angular displacements, rates, or accelerations

about _t set of stability axes (with respect to the

general air mass, the X stal)ility axis is always

alined with the projection of the result'rot mean

velocity on the pl'mc of S3Tametry) whose origin

is feted at the center of _avity. These stability
axes have some mean orientation with respect to

the body axes of the airplane denoted by the angle

c_o in the XZ-l)hme. The general orientation of
the stability axes of the airplane with respevt to

the gust velocities and with respect to the body
and earth axes is shown in figure 1.

At each position along the flight path of the air-

phme the instanlaneous velocities of the local air

mass, hereinafter designated as gusts, are instan-

taneously defined by three orthogonal components

of velocity alined with the stability axes of the

airphme at that position. The _sts are assumed

to be essentially isolropic in nature, and their
statistical eharacteristies remain unchanged re-

gardless of the motion or orientation of the air-
plane. This assmnt)tion is implicit throughout

this paper.
Furthermore, the assumption is made that,

dm'ing the small interwd of time in which each

gust nets on the airplane, the gust velocity does
not eh'mge appreciably. On this basis the three

components of gust velocity -alined wit,h, but

of opposite sign to, displacements along the

stability axes of the airphme--are functions only

]iJ
t[
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wg ¢:

(a)

(a) Turlndenee structure and mean orient:_tio_L of ,_tability axes of airplatle.

FI(:URF, 1.-- Sign convet_tion and st_thilit.v axes of airplane flying through _tmospherie (m'bulence.

/11\,
j J V j yo_/./ /l l \

x. / w _1/_'3d./ Illoo.,. _--_>_>"//* II I _,
._"_1." "/ Io4,ioft
,j---/ q -22

i ;_ / Zeofth

xstoo,/,.O,.- /

Xeo_th_ ( b )

(b) Itl,'statlta)leous orienlation of sl'Lbili( b" axes of airplane

with respect to (,artI_ and bo(ly axes. Positive sense of

velocities and _mgles is indit'_tted t)y arrows.

FICURE I. Co)_cIu(le(t.

of their upaee position along the flight p,¢th.

Wit]_ reference to the center of _,'Tnvit.v of the

_airplnne, these gusts are denoted 1_"

_- _(.r,y,z)

_,_= v_(_:,y,z)

The orient,_(ion of (h(, g_st _xes is shown in

figure 1 (a).

Tl_e assuml)t ion of isot vopy fut'ther rehm, s those

velocities only to the extent of

where the 1)_tr denotes the mean v,_lue.

SYSTEM OF EQUATIONS

The lateral equations of motion of _n ,_irplane

defin('d in the stability sys(em of axes arm generally

well known. Based on these equa(ions of motion,

the frequency response of an airplane in iis lhree

lateral degrees of freedom is defined by the
rm_trix

*(_)]

(%.(_)

l(1)

I
I

In equtttion (1) the ratios O/Q_, @,'r'_,, and so

fol'th, are comt)]ex tr,_nsf'er functions of the air-

plane and relatt, the response of the airl)hme in d_,
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q,, and fl to a sinusoidal rolling moment, yawing
moment, or side force of unit amplitude. These

moments and side force are functions of the gust

velocities referenced to a point (the center of

gravity of the airplane). Ttw necessary phase
relations between these forces and moments and

the gust velocities at the center of gravity are
taken into account by expressing C, Ca, and Cr as

complex quantities. In terms of the gust veloc-
ities at the center of gravity, the lateral-force and

moment eoeiticients may be expressed as follows:

p

C,(,o)

C,(,o)

(',.(_o)

('_l

(",u_(") CA_,.(") _ (,o)

( ', C, ('_
u_" (@ v_ (_o) w_ (_)

('r Cr Cr
._ (,o) _ (_o) ,,_ (_o)_ ,(_0)..

In equation (2) the elements of the rectangular

matrix are transfer functions relating the forces

and moments to the sinusoidal components of gust
velocities of unit. amplitude measured at tile center

of _'avity. Inasmuch as some of these forces and

moments arise as a result of gust velocities dis-

tributed over the airplane, which are, in turn,

related to the gust. components at tile center of

gwavity only in a statistical sense, these transfer
functions are likewise statistical in nature and are

later expressed in the form of power spectra.

With the foregoing restrictions the complete
relationship between the frequency response of

the airplane in the three lateral motions and the

gals[ velocities is given by the matrix equation

¢(_) ? =

_(_)

¢ , ,7[c,e,c,-

I/

//
!

(3)

Thus, the moments due to the gusts and those

duc to the resulting motions are superposed.

The equations of motion of the airphme arc

assunwd to be linear within the range of this
resulting motion.

POWER SPECTRAL RESPONSE

Inasmuch as turbulence in the atmosphere

appears to be random, the statistical response of

an airplane may, in general, t)e predicted in terms

of the power spectral densities and mean-square
vahws of the gusts in the atmosphere. An excel-

lent summary of this fieht of dynamics is presented
in reference 13. From the relationship (eq. (3))

between the gnlst velocities and the motions of

the airplane in the fi'equency domain, the relation-

ship between these quantities in terms of power

spectra and cross-power spectra may bc readily
defined.

A quantity (herein denoted, in general, by the
symbol .f(t)) which has a random variation with

time in the range --T<t <-T and is zero elsewhere

is related to its Fourier transform F(¢o) by

| 'T

F(w)=[rJ_ r f(t)e *_'dt (4)

where, in turn,

1
F(w)e_'&o (5)

The power spectral density of the quantity is

defined (see, for example, eti. 6 of ref. 14 or

appendix of ref. 9) by

q)i@)= lim T l,'*(@F(_o)
T_. c¢

=lim 1 IF(_o)I2 (6)
T-)c¢ _-_

where asterisks are used to denote the coml)h,x
1

conjugate of a quantity and the term _/_indicates

tlmt the spectra are symmetrical and only posi-

tive values of w are consi(h,red when taking tile
average value.

When two relate(1 quantities are measured con-

currently (for examl)lc , when the yawing and

rolling nmments due to each gust component arc

measured "_t the same wdues of time), a cross-
power spectral density exists t)etween these two

quantities. Where the f]'equency content of these
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two quantities is defined by

(7)

the cross-power spectral density is defined by

% ,=lim 1 F,*(_0) F.,(_0)
[ - T_,oo _"

or

% 1,=lira Ir-,o ?/-' -6(.')

= (s)

The significance of this cross power lies in tim

fact that, if the quantities are related, a certain

interchange of energy takes place between them

and the amount of this interchange is defined by
the cross-power spectrum.

In the special case where F, and F2 are the same

function and are removed in time or space (that

is,.fl(t)=fi(t)), equations (6) and (8) are identical
and the cross power of.f with itself is, in fact, the

power spectrum.
These definitions may be found in most texts

and in a number of papers on power spe(,tral

analysis, among them references 9, 13, and 14.

On the basis of the preceding discussion, it may be

shown that if each complex equat ion of the system

defined by equation (3) is multiplied by its conju-

gate equation, divided through by the quantity T,
and the limit as T-_ taken on both sides of each

equation, then the system of equations, by deft-

nition, is in the power spectral form. The power
spectra and cross-power spectra of the variables

may be recognized and so denoted, the spectra and

cross spectra of the ga_st velocities being md<nown

variables. An example of this operation is shown

in appendix A.

By using this or any other suitable method of

power spectral analysis, the system of equation (1)

may be defined in terms of power and cross-power spectral densities such that

! _c, ]

" q'c. _+2R

-o-,o "+-(<)< <
Q)*+

d_C}, C l

(0)

where 2R means twice the real part of the product
of the two matrices.

On the right-hand side of equation (9), the prod-
uet of the first two matrices is the contril)ution of

the power sl)ectra of the forces and moments,

and the product of the second two matrices is the

contribution of the cross-power spectra between

tlte moments and forces pro(ltt('(,(l by any one gmst

component an(t also tit(- ('ross powers between the

forces and mom(,nis produced by any two _mlst
components. The powers and cross powers of

the forces and nmments may, in turn, be rehtted

to the powers and cross powers of the gust veloc-

ities. In so doing, a _m'eat simplification is ob-

tained when atmospheric turbulence is considered

to be isot ropie within the frequency range affe('ting
549093 61--2

the response of the airplane.

By virtue of the assumption of isotropic homo-

geneous turbulence, the phasing hetween the
u_ and w_ components and the v_ and wg eom-

ponen{s is unrehtle(1 and the cross power of the

components is zero. The phasing t)etween the

two gust components lying in the J/ILl)lane

of the airphme, that is, % an(1 v=, is unrelated
when these velocities are measured at a given

spanwise slalion (for examph,, ahmg the air-

plane center line) but is related when u= at one
spanwise station is compared with v= a{ another

spanwise station, ttowever, the effects of the

cross power between these two eonlponents are

assumed to be insignificant, and justification for

this assumplion is made in a subsequent section.
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T]IIISj

q,,,_,,(_,)=<i,,,g,_(<o)=÷_,,,,,(o_)=o (10)

By the met, hod o1"multiplying by the conjugate
,uid t.aldng the linfits, l]le matrix relat.ionship of

equnlion (2) is defined ill tile form of power

speclra by

el2 rt, !2 Ct-2q e •

Io '2 Io 12

ic'.!_ ' °l "'=' I_!g I,=, 1¢i % i"
I

,,< f_t ;,.,-;/,%3
(11)

Likewise by eross-mullipl3ing lhe equalions in
(lie mal rix of equlltion (2) lo conform with the

dcflnilion of a cross-power speclrum, the cross

speclra belween the forces ant| moments are

given by the l]llllrix

_CIC n

_PC,tC }.

C_PcycI

-:<,,,< C,7#,
\71,,/ _1_ \t_g/ Pg \'ILe/ R_

.,,c,,,,*c,.(<,]*c,.(_<,y<.

(c,.yc, (<.-7.<(c,.y<
_\. //g 7' //g ". _'_, / t'g \ ll?g J 'tl_g.

(i2)

A proof of the rehtiionships of equations (11) and
(12) is given in appendix B.

eortrtEl, ATmN BETWEEN AmPL._,N_ eOMPO,',rENTS

Generally, a force or moment :lelilig on or al)ou l.
the center of _m'avily of the airplane is due 1o the

pcnelrlllion of tile gust, by each component of t]ie

ah'plano, nild l]le correlalion or ptmsing between
llte developmenl, of these forces anti lllorilelltS must

be included. Complete generalization to all pos-
sible combinations of components would lead to

lengthy and mmecessary expansions; however, :ill

lifting Slll'faces whicll might reasonably be expected lo eonlril/ule significanlly {o the lateral

mellon of the airphme as well :is file componenls of the gust velocily llial will signif]cnnlly influence

tilt, forces and lllonlelits eli liu'se lifting Slll'fitceS are incorporated. For SOITlO llllllSllll| configurillion

where other lifting surfaces ,'ire thought to be important, the method of including these factors is

clearly indicated.
The force and moment eoeft3cienls which include only those functions deemed perlinent to lhe llllt,l'ill

mellon of the airphme are defined by

C ,(u.,r.,%) = (C,)_-( u.,r_,wb + (c,),,(q)"

c,, (".,_'_,*_'b= (('.,)..(_g,u,b " (#,,).'_0'b (la)

C,,(_,,r_,u,,) = (('D,,T6"b

Ill forms of lhe complex force and moment, derivatives, the force mid momenl lltiill'iX iS

defhled by

(c,
_),,,

/ 0

. (%

0

0

(el)..

((_,),.

(v.,),_

(!',,
/ w _t_gJw

({,, 0
>,/7'

o (0,3
\We/w

o
- _ 0

g flFT

?Ig

l_/)g

lllllS

(14)



THE LATERAL RESPONSE OF AIRPLANES TO RANDOM ATMOSPHERIC TURBULENCE 9

By the same method as was applied 1o equation (2) to obtain equations (11) and (12) (multiplying by

the conjugate and taking the limits), the power spectra and cross-power spectra of tile force and mo-

ment rehttionslfips of equation (14) are immediately defim_ble as

q_lct) w

_tc't) r

_(c,,) w

qbiC,,)_-r

'I' (cr ) _,,r

I-I<,, .1
0 [_TCt 2 0 I _ep_l

i

I

(,y 2

_g FT

(15)

r O(q)w(C,):,

+(el) w(C,,)w

+(Cbw(C,,)_,r

q' (Cz)w(q%,r

_(q)r(c,,)_

'P ( Cl)r( C_)Fr

q'(q) r(cr)_,r

_P(C.)w(C.)Fr

dP(C,,)W(Cr)F.r

optc,,)Fr (or) rr.

0

C/' *

0

l 0

0

0

g *

_:g/w

0

r_ /w \ _'_ /F r

l!g/'W \ I_g /

0 0

_!g/T \ I'gJFT

(cq, (/,,., o
_?g fiT \ _'g J

0 0

0 0

Ov C o
_'g ff FT 'T

0]
0

+,,. _ (16)

_ (:I)wz, _

The complete power-spectral-density relation-

ships including the lateral moments and forces

due to the various lifting sm'faees of the airplane

are similar to those given in equation (9) with the

quantities defined in equations (15) and (16) in-

serted. When the left-hand side of equation (15)

is denoted by {_c_} and the left-hand side of

equation (16), by {+c_c_}+e_, the coml)]ete re-

lationship is defined by

,
i

where Ct is 4), ¢: is ¢, and so forth. The eonlplex

force and moment deriwdives contained in equa-

tion (14) were derived in suelt a manner that the

phase rdationships between the moments and the

gust disturbances arc given with reference to
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gusls acling at tile cerlter of _avily. For this

reason, the transfer fimetions _ are those given

in equation (1). As an illustration, the total re-
sponse of the airplane in roll is obtained in dw

fo||owing form :

t;b 2

-I-((4', )* _ q' Ce,)rr¢er)rr-_ 3 zero I erms] (17)

Odwr degrees of fi'eedom may be obtained di-

rectly by replacing ¢ with tile appropriate symbol,

such as ¢' or _.
By substituting in equation (17) the expressions

for the power and cross-power terms of the force

and moments from equations (15) and (16), the

motion is defim,d in terms of tile galst velocities:

2 14) 2 [2

where

(18)

4_ _ _ 2 bCl2 4, 2

+2R LXbUJwkOU_/w

+Fray +y, ]r 0
L\ a,'J,,,\_h_ \_/T\_',-.h..,._l\(',/ ('_:J

(?0)

_=_ I._-=..+ _ ac":_..... F/ar-','x*/ac,,'_ / ¢'x,,,, .o, ;b,,,,,- a,. !_!,,.*::"Lkoiz;;)..k_J,,.k_) c,,j (21)

Thus, ILL('response of the airplane in any degree of freedom depends on the power speclra of lhe

three gust components, 1he eight complex coefficients of equation (14) which relate the gust velocities

to the forces and naoments, and, fi)r each degree of freedon L lhe three complex transfer functions relating

the motion to a sinusoidal rolling moment, yawing naoment, and side force of unit amplilutle. These

eoefficienls, transfer functions, and power spe_.tr_l art, defined in subsequent sections of this paper.

TRANSFER FUNCTIONS

The lateral equations of molion usually aeccl)lcd for ill(' rigid (lvnamics of an airframe for whiclt
noncoupling with the hmgitudimd mode "rod all assm_aptions associated with small t)eriurl)Mions M)out

a*lrim condition are valid are given by tile matrix

(!) -}IAI : (7.(u,, _,_,w,)

Ur (u_, % wg)

(22)
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where

[a] ='

2 _ 1 _ o 1

-2u .,.J_ -2 #'. D 2uh_ 1_--- 2 (',D --C. a

/ o 1 \
Cr,D--CL _-u--_ Cr,J D--CL tall "/ 2laD--Or,2

(23)

The solution, in terms of the rolling mort]cut, yawing moment., and side force may be found by methods
of operational calculus. One method is used t)y _[okrzyeki in reference 15 where, exeepl for lhe sign of
Kxa, the identical equations of motion are used but with moments from aerodynamic-control surfaces as
forcing fimetions. Anot.her means of solution is flwough matrix algebra where lhe solution as given by
equalion (1) is of the form

¢

=/',-x]-_ C.

Yl"

(24)

where

[al__=Adjoint [_']

The prime denotes the transpose of the matrix _. Such a method is found in reference 16 and other
texts on matrix algebra. The solution by either method gives the complex transfer functions with
real constant coefficients of the powers of D. With the common denominalor denoted b 3- ]A]
(equiwdent to D5 of ref. 15), the transfer functions arc given by

(_'26)

(29)

:[4**2/(v2Da_u 2 o 1 1 (3o)
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' " "-+ 2-4 (-,,f+vr+-M£," CL tan (31)

(32)

(33)

(34)

(35)

In addition to the angtflar-displacemen t transfer

functions given here, the response in terms of the
derivatives of the angular displacemenls may be

obtained by multiplying both sides of equations

(26) to (34) by the operator D. For examph,,

1 IY] I (36)

Fat" the frequency response of these transfer

ftmctions, the operator

D__b
--U dt U ioa=i_' (37)

where +o' is the reduced frequency in terms of

radians per ,_pan length. Thus, the transfer time-
tions relating the dynamics of the airframe to tic
lateral forces and ntonaents are obtained from the

inertial characteristics and slability derivatives of

the airfi'ame under stea.dy flow conditkms (that is,

nonturbulent flow condithms).

COMPLEX MOMENT AND FORCE COEFFICIENTS

The moment and force coefficients which relate

the rolling moment, yawing moment, and side
force to a sinusoidal gust velocity of unit maximum

amplitude acting in planes of (but of opposite

si_ to) the reference axes of the airplane are, in

general, frequency-dependent, and only their

statistical average properties are definalde. Their

derivation is based on generalized harmonic

analysis and basic aerodynamic theory, Where

the derivation is lengthy, only the resuhs of
referenced papers are given or indica, ted. Fur-

thermore, only those eight coefficients necessary

to equation (14) are defined. All oU_ers are

considered as having small or negligible influence
on the results.

Rolling moments.--Four contributions to the

rolling moment on the airplane are considered.

They are the rolling moment of the wing due to
all three components of gust: veloeity and the

rolling moment due to the side grist acting on the
vertical tail.

_n reference 12 are derived the power spectral

(h, nsitics of the rolling moments of a wing in

isotropic turbulence due to horizontal, vertical,

 lli
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and side gqlsts (that is, the three components of
gusts considered herein). The theory considers

random turbulence across the span as well as

along the flight path, and the results are given for
several span-loading distrihution._ and for a range

of values of tile ratio of spcm h'ngth to the inte_al

seah, of atmospheric turbulence. The power

spectra of roiling moment given in reference I2

are not repeated herein but are siml)ly related (o

tile notation (d this paper:

C1 2 q' (<.0"_
Iwglw _ ¢,q (due to horizontal gusts, ref. 12)

(38)

Cl 2

_-_wq'_'(w)=cPc_ (due to vertical gusts, ref. 12)
(39)

For tile side gust v,, the random variation along

tile flight patlt was assumed to be uniform across

the span, an assumption that is particularly wdid

for airplanes having wing loading due to sideslip

concentrated over a small region of the span near

the plane of symmetry. Such an assuml)iion is
likewise made herein, so that

c2j,v= U (('@w (40)

is assumed to be independent of frequeney.

The vertiealqail contribution to the rolling

moment is (h, fined by

h_ e__(q.,¢rj

l"g h z

and, hence,

Tiros, the rolling moment due to side gusts may

be directly calculated fi'om the known charac-

teristics of tile airframe in still air, and the roiling

moment due to horizontM and vertical gusts may
be obtained in power spectral form from the plots
of reference 12. The fact that tile real and

imaginary parts may not be ascertained for the

rolling moment due to u_ an(l u7 eomponenls is

shown (o 1)e irrelevant; that is, the real and imagi-

nary parts, as such, are not necessary (o the cal-
culation of the cross-power terms involved in

calculating the response of the airplane.

Yawing moments,--The yawing moments due

to the u+ attd w_ components of the gust are

primarily due to tile unsymmetrical dislril)ution

of these gust velocities across ill(, span of the wing.
Since this unsymmetrical distt'iMtion is the

same characteristic of turbulence that I)roduces

tile rolling mome,_( on the wing, tile yawing

moment may be fairly accurately related to tile

rolling moment through aerodynamic relations.

As given in reference 12, (lie expressions rot" lhe

yawing moment of tile wing due to small

horizontal- and vertical-gust disturhances are

[(',+\
(',,\ (., co)>-(,',3,,.%),/

(',, C

where C,,,, Q_,,, and so forth, are stability deriva-

tives of the wing only at the trim (mean) angle

of atiack of the airl)lane and, as such, are not.

functions of frequency. Any yawing monwnts

of the wing due to side gums are neglected.

The yawing moment of the fuselage and vertical

fin of an airplane due to penetration into side
gusts v_ has been derived in reference 11 by

using a simple profile shape to define the lift

distribution over the fuselage and vertical tail

due to sinusoidal side-gust components. As

given in reference 11,

(_,(;,)_,T(W)_bSl:{-2Xo'% 2 - 2 ", % ,,)kd - [(2ko-d,o +._'2)e -,.1

+ ("_-a") ("'--'_°)_ [(2G-k,- ;2
(_.'2-- a'l) 3

--it'_k_ + ikQ) e-'_ -- (k_- i2) e-" '1 }

(44)

where xo, mr, x2, .%, and ._t are geometric dimensions
of the profile shape (see sketch in appendix C

of the present report) and frequency appears in
the form

/_ o_;r,, 2)""= U- 0_=0, 1,
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For any given flight eomlitionfor which the
exactvalueof C, 0 is known, it is reconm, ended in
reference 11 that small adjustments in tile profile

s]mpe be made so that at zero frequency the fro-

G
quency dependent parameter ();;)rr (_0= 0) reduces

1
to the static stability deriwttive _ Cn¢.

Side force.--The side force on an airphme in

gusts is considered to be primarily due to the

effect of side _lsts on the fuselage and vertical

fin (the profile shape) of the airplane. By using

a simple profile shape and slender-body |beery to

define the lift disll'ibution over the fuselage and

vertieal tail due to sinusoidal side gmsts, the side
force per unit side galst as derived in reference 11 is

+/.'¢'-'_'_Y [e-'_,- (1- ;h'_+ ;_._)_-<q _r (45)
\k.2--k_] .1

where the notation is defined in the preceding
section. Again it. is recommended that small ad-

justments be made in tile representative profile

shape so that at zero frequency the h'equency

dependent I)arameter (_)_rreduces to the sta-

1
bility derivative _ (Tr_ which is known from flight

or wind-|unnel tests for the desired flight
conditions.

POWER SPECTRA OF GUST VELOCITY

As discussed in reference 17, the relationship

(correlation) between gust velocities measured at,

two points in isotropic turl)ulence may 1)e com-

pletely defiued in terms of their lateral and lon_-
tudinal components (components measnred per-

pen.dicular and parallel, respeeliwqy, to the vector

distance between two points). As treated herein,

the airphme senses only lhe lateral componenls of

the _'8 and w, gusts and both the lateral e.nd longi-

tudinal components of the u, gusts. (See preced-
ing section and ref. 12.)

Both theoretical methods fief. 17) and flight
measurements (ref. 18) have shown that the fol-

lowing expression approximates the spectrum of

lateral components of turbuhmee in the atmos-

phere over t,he frequency range affecting the

<lynamic response of an airplane:

L 1+3(k') _

_U [1+ (k')q _

Its horizontal counterpart has the spectrum

L 2

• -U 1+ (k') _

. ! ¢o.L

where k =_ and L is the integral seah, of tm'bu-

lenee. The wdue 2rL may be considered an ap-

proximate measure of the average eddy size in the
turbulence. The data of reference 18 fln'ther in-

dicate thal L is on the order of 1,000 to 2,000
feet, and probably ch)ser to 1,O00 feel.

The foregoing expressions, having asymptotic
logaritlJmic slopes of--2 for values of k'--_,

were first suggested in reference 19 on the basis

of wind-tunnel data and have since become gen-
erally aeeel)led as reasonable expressions for <le-

fining the power spectra of lateral and hmgitu(limd

components of isotropic turbulence. Therefore,

these expressions normalized hy the mean-square
values are used herein as the basis for calculations

involving the components of atmosplmrie gusts
as sensed at the center of gravity (point spectra):

where

4% ¢_ L l+3(k') _
ca-2 u'g2 _rU[l+(k,)_]2 (46)

ff),,_g L 2

5"7 -_U t+(k') _
(47)

U

L _ l,OOO feet

In the calculations of feb,fence 12, which

involved tlle gusts sensed by a wing having finite

span, equations (46) and (47) were likewise used

so thai the data of reference 12 and this paper

are in accord as Io the speelra of gusts. IIowever,

equation (47), as such, is not used directly in this

paper and for Ibis reason only equation (46) is

plotted herein. The variation of equation (46)
with/c' is shown in figure 2.

1
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101

l0 o

\
\

\
10-4.

.I 1.0 I0 I00

k'

F_ocR_ 2.--Power spectral den.__ity of u, v, and w com-

ponents of homogeneous isotropie turbulence as sensed

at single point in turbulence.

APPLICATION OF METHOD

LATERAL RESPONSE OF THREE AIRPLANES

The equations which define the power spectral

response of an airplane to atmospheric tuvbuh'nce

(eqs. (18) {o (21)) have been applied to three

airphmes of varying size and wing span. The

flight conditions and stability derivatives of the

example airplanes are given in table I, and some
physical dimensions necessary to the cah'ulation

of frequency-dependent force and moment coeffi-

cients are given in tal)le II. Some of these

physical dimensions require reference 11 for their

precise definition (.% s_, x0, x_, and x_).

By using the data presented in table I, the
transfer functions of equations (26) to (35) were

cah'ulated. For diseretely chosen wdues of re-

duced frequency o/, the in-phase and out-of-phase

(real and imaginary parts of the transfer function)

components were evaluated with a relay coml)uter.
Care was taken to (,hoose as one point the natural

frequency of the Dutch roll mode.

By using the (later of table IX the complex

moment and force coefficients (eqs. (38) to (45))

were cwfluated at the same values of frequency

as were used for evaluating the transfer functions.

The relationship
, wb

was used to relate circuhw frequency in radians

per second to reduced frequency in radians per

span. The evaluation of certain of these coeffi-

cients requires further explanation.

The variations of(_)_r (e q. (44))and (_;_-)_ r

(eq, (45)) with frequeney are plotted in the

figures of reference 11 for the example airplanes

of this paper with one adjustment:

(%
C_ per unit side gust (ref. 11)=U \ vx/rr

Cr per unit side gust (ref. ll)=U % Fr

The designation of example airplanes for this
paper and referenee 11 is consistent.

The two rolling- and two yawing-moment

coefficients due to ug and u,_ components acting

on the wing were taken directly from the figures
of reference 12. Since these four complex mo-

ment coefficients represent the spanwise integra-

tion of the power spectra of the horizontal and

vertical gust components, they appear in reference

12 only in the form of the absolute value squared,

whereas equations (19) and (21) appear to require
their real and imaginary components. However,
by substituting equation (42) into equation (19),

the expression for the motion due to ]mrizontal

gusts becomes

4) 2 ¢ 2,Cz_2 ¢p ,_((, _2 (,t 2
\ ( , ]wT 1.-

d-2R L\_/,,A-C_j,,.\ .j..\_ / _..1

and since

the equation becomes

V, +--/ --

\ _c,'+2R (48)
Lkc, ,/(_ .,j j Iu_ Iw

where only the square of the absolute value of

(%u_, _ appears and the product

"_ :q'_.-=q'c, (due to horizontal gusts)

is plotted in figure 9 of reference 12.

549093- 61--3
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TABLE I.--FLIGIIT CONDITIONS AND STABILITY

DERIVATIVES OF EXAMPLE AIRPLANES

(a) Flighl eon(lilion_

Flight condition

h t,, ft ......
U, ft,,'scc .....
IV, 11) ........

bl .......

CL .....

hm _t
a0, radians ......

TECHNICAL REPORT R-74--'NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

Airplane

B

-I, 000
318

28, 000
10.9

0. 177
0

0. 0325

35, 000
70O

125, 000
31.83
0. 443

0
0. 0823

30, 000
696

t2, 600
50

0.2t2
0

0. 0586

Stability
(h.rivaiivo

(b) Stability derivatives

Airphme

Kx 2 ..........

_Z 2 ...........

Kxz .........

Cl p ...........

Ct r ....

Cl¢_

(_n r .......

C._ .........

Clyp ............

C+yr ...........

Cy_ ...........

CL a ............

A P, C

Total "firptane

0.0158

0.0300

0.00138

0.-1875

0.1053

- 0. I081

- 0.0308

0.1041

0.0831

O

0

--0. 763

5.44

0. 0311

0. 072

0

--0. 44

0. 149

- 0.14

-- 0, 0275

-- 0. 156

0.12

0

(}

0.5t

5. 38

O. 01485

0.0504

- 0.00062

-- 0.45

O. 040

0.11

- O. 035

- 0.15

0. 12

-- 0. 013

0. 225

-- 0. 58

4.13

Wi n g

0.0208

--0.053

-0.0666

0. 006

0. 054

--0. 052

0. 0876

0.01

:,: _ .... 0.025- 0. 075
U , ......... [ - 0. 6175

C_,o ......... 0. Ol1
Vert ie,tl tail

--0. 337

0. 242

0. 129

0. 0-118

--0. 384

O. 215

0. 154

0. 0524

Cr_l .......... O. 42
5a/Ot7 0. 19

%__-_----___I o. is3

Cl_ ............ - O. 0625

TABLE II.---PIIYSICAL DIMENSIONS OF

EXAMPLE AIRPLANES

.\irpi/tne iil I

Dinien._ion -- --

A B C

b, fl ........... 35. 25 70
S, s( I ft ......... 250 5-10
*-qv, sq ft_ ....... 55 ! r1.35
Aspect ratio ....... 4. 98 9. 07
P, {teg ............ 4. 0 4. 50
Taper ratio ......... 0. 46 0. 45
/l,, fl .......... 4. 4 7. 0
lt, ft ....... 1,1. 8 ] 27. 6

xo, ft __ _ 5jl i.5.25'

x_, fi ....... co 0
_, f, ........... 2o :_:.i
._,, fi ............... _ 7 3. 0
sl, fl ............. 10. 6

In the par'lllel cvalualion of lhe motion diio to

vertical gllsls, the slltistiluiion (if equalion (43)

into equ,llion (21) yields

2 f ! 4 12 I .... z(+ x2

E -- !c--;l+

-4-21{ (_ --, (49)kt

_here the product

C_i2
i'W--glw 'I>_.g _CIic_ (due

to vertical gusts)

is plotted in figure 7 of reference 12.
Tna_mlich its ih(, figures of reference

plotled agl-iinst /,:', ihc relalions]fip

12 arc

where

_L _b _'
k'- (so)U--yU--y

was used in lhe eomp,iliblc choice of fi'equeneios.

Since the ratio of wing spans between lhe three

examp]e ah'planos is on lhe order of

b__ :b_j:bc _-- 1:2:3.3

!1
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lhe wdues of fl' were taken as

fl'a=0.03125

/Yn=0.0625

L_'c----0.103

which correspond to a value of L on the order of

1,100 feet. A reetan_flar span load distribution
was used for airplane A and ellipllcal span load

distributions were used for airplanes B and C.
This choice was a mailer of convenience since

the plots of reference 12 indi('ate only a minor

effect due to span loading distribntion.

The power spectral responses of the airphmes

were completely eah'ulated in three degrees of

freedom, 4,, g', and fl, by using the power spectra

of the gust components given by equation (47).

Angular disphtcements of the airplanes arc shown
in figqlres 3 to 11 as follows:

Angular Figure
Airplane displace- number

tTtett(

A ¢, 4
# 5

4 6
B ¢] 7

8

+5 9
c ¢ 1o

.8 11

<lue to vertical St,Sis w+ shown in each (b) plot

have been sunm_c<t, nmltiplied by the power spec-

trum defined by equation (39), and plotted in the

(a) part. of each figure. The u+ and vg contribu-
tions were treated likewise with the exception

that the components due to ttg are not plotted in

the (b) part of each figure.

Figures 3 to 1l are I)lotted in this manner to

permit observation of tile end results without

undue eoml)lication, l,Vhen the relative magni-

tudes of the e(mtributing forces and ntomenls are

of particu]ar interest, tile (b) parts of the figm'es
may be studied more closely.

Since in order to obtain the (a) 1)arts of these

figures, the we components are muhiplied by

':+_I_';q',.. n,,<l t lie vg eoml, onenls multiplied by

q),g, it. should be noted that in tile (b) paris of

these figures the units of tile w+ components are

dimensionless while the v_ components have the

(radians_ 2
slits\ ft-]_ ]"

The/3 response plotted in figures 5, 8, and I1 is

the angular disl)hteement with respect to the gen-

eral air mass (that is, still air or fixed axes) and
as snell does not include Ilia displacement with

respeet to the local air m+lss (gusts).
Front these exnmph, cases and figures, conclu-

sions may be dt'awla on characteristics of method,

trends, and further simplification of lhe calcula-

tions and tt comparison of results from oiher

methods of analysis may be made.

ANALYSIS

In the (a) parts of figures 3 to 11 are plotted the

three components and the sum for that particular

angular disl)hteemcnt as expressed by equation

(IS). As may be seen from these figures, in none
of tile eases considered does the u component of

gust velocity contribute perceptibly to the result-
ins motion. Therefore, in tile (b) parts of figqn'es

3 to 11 are l)lottcd the relative contributions to

tile motion of the terms due only to the v and w

components of the galsts. The (b) part of each

figure then is a plot. of equations (20) and (49)

(where cq. (49) is a modified form of eq. (21))

and, as such, does nob include any power-spec-

trum terms. For instance, the three componcnts

Characteristics of the method. -In applying the

method of this paper, several characteristics appear

to be worthy of special .dtention. The first of

these is the importance (if calculating t}le respollse
of the airplane at the exact frequency where thc

Duteh roll mode has a nmximum aml)lit tide. Since

the Dutch roll mode is genet'ally lightly damped

and the square of the amplitude is required in the

eah,ulations, the power spe('tt'al response of the

angular displacements of the airplane will generally

exhibit, a sharp peak in this frequency range.
Enough datum points should be cah'ulaicd in this

region to insure an accurate representation of the

response.
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Frequency, w, rodions/sec

(a) Components and sum of components of power spectral density of roll angle due to three components
of gust velocity.

]TIGURE 3.--Ih, sponse in roll angle of ,drplane A flying through continuou_ atmospheric turbulence.
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_k second characteristic of the method is the

inaccuracy of equation (20) as co -'0 for tile ¢ and
modes of motion. The reason for this inaccu-

racy becomes apparent when the equation relating
4, (or ¢) to v_

4,, ,4, C,,,,¢ C',,(co)+4,C,-(co) (51)_co_-_co_ _ G_

is wrilten in the form

4, G 4, , (L

(o:)-@(_;<' 14, ,_ _4, c "_-' i-4, c,,,

4, c,, (co)+_ (_)] (52)

The first half of equation (52) now represents the

steady-state response to a uniform change in side

gust over the airplane. The second ]mlf represents

the additional response due to the nonuniform

distribution of the gusls over the airplane. If

the frequency-dependent expressions rot' the trans-

¢ ¢ a.nd ¢fer functions -7+-,,--,,(L (-,_ ?_ as given by equations

(26), (29), and (32), respeetiwqy, are substituted

into equation (52) and the coefficients having the
//-_.

slll_e po,vers O[ CO are _rouped (_ (co)m_y be ex-

in the form £ a,,,co'), the eoettieient ofpan(]ed
II1 = 1 /

the lowest order power of coin lhe numerator may

be shown to be identically equal to zero. In the

numericM evalu.tions nt low h'equeneics where

the lowest order terms of equnlion (;52) (or the
square of the absolute value of eq. (52)) are pre-

dominant, small differences between large numbers

appear unless these iernls are canceled befo]'eharld.

Since in the present method this cancellation is

not con_'enient, a scattering of calculated values

for -4,`and -¢ beg'ins to occur at some freq_wney
_g _g

below that of th,, Dutch roll mode. However,

since this scattering oemxrs only as -_ and _ ap-
ee _.'_¢

preach a eonstnnt (at co=0), this constant may
be evaluated and the curve faired to that value.

In figures 3, 4, 6, 7, 9, and 10 this fairing is (lenoted

with dashed lines. Jn the range of fl'equeneies

where the response in ¢ and ¢/due to _,g is faired,
the total response of the lhree airplnnes is due

almost entirely to the _'_ component of the gusts.
Effect of trim angle of attack.--In analyzing

the motions of the throe example airplanes, the
effect of small differences in trim lift coefficients

or lrim angles of allack appears to be imporlant.

Although the trim angh,s of attack for all three

airplanes are low, their relative magnitudes are

B:A:C=l'l,36:2.50

Thus, airplane C was at an angle of attacl,: from
two to two and a lmlf limes as great as a irt)l,mes

A and B. Tim stability derivatives for the wing

alone in incompressible flow are functions of nngle

of _HI_c]¢ (and, hence, lift coefficient) of the order

(see ref. 20) :

C%= Constant

(Tn p CC O_

(_r _" t_

C, r o: ,_2 and CD.o

The effeetof increased angle of attack on the

ratio of yawing moment to rolling moment may

be seen to increase by

c., Cw G,o
(,
-lp O[

These ratios may explain t,'en(ls such as that shown

i]_ the ease of airplane C for which the response

in ¢ and fl to w, at the higher fl'eqnencies is

primarily due to the ability of wg to produce

3"awing moment, whereas for airplanes A and B

the response is primarily due to the ability of
u,_ to produce rolling moment.

Effect of horizontal gusts.--While there is, in

general, some cross power (or cross correlation)

between any two velo<dty components measured

at any two points in the t urlmhmee, only those

components lying in the .VILplane of the airplane

are considered ])erein since the Z-gra(li,,nts of tim

gusts are mlimportattI to the airplane. The air-

plane will, however, sense the correlation between
the ug component aetiHg a! one point on the wing
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(at any instant) and the v_ componeut acting al,
some other point on the wing or vertical tail (a
vortex effect), h is the additional effect of this

corr(,laii<m that has been neg'h,<.led itt the meihod

of this paper. While this correlation is probably

small, the fact that u_ has a negligible effect on

the airl)lanes considered is reason enough for

neglecting any cross-power effects involving u_.

In casts where the u_ component of gusts does

have a pronounced effect, on the airplane, tim
contribution of the cross power must be deter-

mined or further justification be made for neglect-
ing it.

Response characteristics of example airplanes.- ....

The cah'ulated lateral responses of all three ex-
a,mple airl)l'mes exhibited a number of character-

|sties in common. Most important of these was

the total nmtion in each of the three degrees of
freedom.

In each case the response in roll was due pri-

marily to tt,_ at h)w frequencies, _,_near the Dutch

roll frequency, and w, qt the higher frequencies.

The response of the example airplanes in yaw was

due prima,'ily to w_ al very low frequencies and

due primarily to _'x at the Dutch roll and higher
frequencies. The response in B of the three ex-

aml)le airl)lanes was due primarily to vg tlu'oughout

[he frequency sl>ectrum.

SIMPLIFIED EQUATIONS

Based on the three conventional examl)le air-

planes, certain siml)lifications to the response
equations (18) to (21) appear lo be juslified. For

the h)w trim lift coeMeients (or angh,s of attack)

investigated, tire effect of the horizontal gust (u_)
was not discernible in any of the three modes of

motion ((a) parts of figs. 3 [o 11) and eouhI have

been neglected. Furthermore, in every case in-

vestigated, the effect of side force due to side

(%gusts -_;x- was negligible ((b) parts of figs. 3 to

11) apparently because of the magnitude of Cr_

¢' ¢' and _fl transfer
and the magnitude of the. C_' C_? _r

hint/ions for the example airl)lanes; however,

these orders of ma_fitu(le are typical of most

present-day airt)hmes. Other parameters appear

to be negligible in some cases. When computing

the response of the airplane in sideslip, neglecting
the effect of wg as well as that of ug appears to

be justified. Although for some cases, for ex-

ample, airplanes A aml B, the effect of C',+appears
'//)a

to be of small order in all modes, this effect is not

generally true, as is shm_m by airplane C. As

pointed out in a preceding section, the response in

sideslip was due primarily to v_.

In general, then, the preceding discussion leads

to the simplification of equations (18) lo (21) as

follows, where 4, may again be rq)laced by any of

the lateral degrees of h'ee<|om in the form of
angular <lisl)hwements , velocities, or nceeh, rat ions :

4, !2 !4,
% (sa)

and

!4,i2 14,12!C 2 14,lR'C, i2

+ + _rF(%*

+(%*(% l (+)*°
"C _ 4, '_

+_%,/_+ +__(%Y
u,, t. c, "iG

C,,, 4' * 4, C_ _<]} +,
COMPARISON OF METHODS

Both airphmes A and B have been analyzed in

other papers (refs. 6 to 9) n[ the same flight con-

(lit|on as that used herein for their responses to

atmospheric turl)uh, nce l)y u,_ing nu, thods whicll

treat gusts as equiwdent motions of the airphmc

in still air. These gusts are denoted as side gusts

_g, rolling gusts D4,_ or -5!7' and yawing gusis D_
_lg

or -_" The analysis of airplane A given in ,'ef-

erence 6 is based on the power st)eetra derived

from the analysis of refi,rence 9. Althougb the

analysis of reference 6 also incorporates a refim:-

meat by considering the lag of the vertical tail

penelrating the gust, the effect proved to be

negligible on such a small fast airplane. Since in
this analysis (ref. 6) the rolling gust a,ffected only
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tile wing, a comparison with the analysis of this

paper (where tile vertical gust likewise affects only

the wing) may be made. Therefore, a comparison

is made herein by using airplane A to illustrate
any differences in the results of the two methods.

COMPARISON OF GUST POWER SPECTRA

Since the power spectrum of tile v_ component
of atInospheric turbulence as used in references 9
and 6 and that used herein have in common an

asymptotic value of k -2 at large wdues (relatively
speaking) of k, the arbitrary constant A, given

in references 9 and 6, is assigned a value such that

the referenced vg spectrum and tim r_ spectrum of

this report are as3m_ptotically congruent. With

this same constant, the Dog and bwg
spectra are

compared, and all comparisons of the calculated

motions of airphme A are likewise based oft this
same eonstallt.

Side gusts.--The power spectrum of side gusts
expressed by equation (47) _n'itten in the form

¢_g qbg L l+ 3(9) 2
(56)

is comparable to that shown in figure 4 of reference

6 except for a constant. That is,

(57)

where

A=K_ (58)

Plotted in figalre 12 are the side-gust spectrum
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FI(:I:RI,; 12.--Comparison of severd theories for power spectra of side gusts and rolling gulls as experienced by

airplane A. U-=696 ft/sec; b 35.25 feet; L= 1,128 feet.
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given by equation (56) and that of reference 6

with the constant K of equation (58) given the
value

K =72L (59)

in order to gel tile agreement shown. Since both

spectra are multiplied by the factor L, this agree-

ment is independent of tile choice of maguitudc
for L.

Rolling gusts.--Similarly, the power spectrum

of rolling gusts DCg used in reference 6 may be

compared with the power spectrum of rolling

moment due to vertical gusts as given in reference
12 and used herein. Since

then

C_= -- Cz_ pb Clv Dee_=-_- (60)

4

%_ = C,p--=_%, (61)

and for-airplane A, under the conditions considered

herein,

4 wg2LCh,2

ep_%--C_, 2 _.Us E (%)

where E(wg) is the curve of ff)c_(k') for fl'
w_2 L('_ 2/Uar

0.03125 from reference 12, figure 7(a). If q_v% is

expressed with the same normalization used for

tire side gust (see eq. (56)), then

ca,,% =4L E(wg) (62)
%---2/U2 ,.r_r

Equation (62) is plotted in figure 12 together

with the power spectrum of De& given in reference

6 again with

A=7 2L v7
7r U 2 (63)

Since the spectra of reference 6 are the same as

those given in reference 9 except for a slighb

difference in frequency range, no difference is

shown in the plots except, thai the range of data
of reference 9 is denoted with ticks.

Likewise shm_m in figure 12 is the spectrum for

rolling gusts as predicted by Deeaulne in reference

8. The theory is based on the assumption that

the variation of vertical gusts across the span
(5wg/by) can be appro:vimated with a constant

gn'adient (a linear variation) and has as a spectrum

F • cob cob -f
36 |sin _-. .... cos _-_1

},+-+I
++ L\5-E/ 2L....J

which for small values of ¢o reduces t,o

+°4+)-+++,+0, (°+,
+y

Based on this theory, ghoI1 co is less than the

frequency corresponding to a wavelength of L (a

wflue of L of 1,128 feet used in fig. 12), the verti-

cal-gust spectrum will become a constant and the

Owg/by spectrum will fall off to zero at tile rate

of co=as co approaches zero. This result is denoted

by dashed lines in figmre 12.

At tire higher frequencies shown ill figmre 12,

the calculated spectrum of reference 8 predicts
almost, no attenuation of rolling power of the wing

with frequency. The spectrum of the same quan-

tity according to references 9 and 6 wouht predict

an attenuation for the wing of airphme A, the

attenuation beginning at about 8 radians/sec with

the power fidling off raphlly thereafter. The

more comprehensive theory of reference 12 shows
a more pronounced attenuation of power over the

plot ted frequency range although all theories have
approximately the same value at the frequency

corresponding to tile value of L.

On the basis of this comparison, the concept of

constant gust gradients across the span wmfld
appear to be insufl]cient, despite the agTeement in

Tile

more compreltensive theory of random _sts across

flw span predicts no attenuation below the break

frequency such as is predicted by tilt, theories of

references 9 and 6. At frequencies gn'eater than

the break frequency, the attenuation predicted by
the two theories again t)ecomes inconsistent.

COMPARISON OF LATERAL RESPONSE POWER SPECTRA

With the assigned value for the constant A

given by equation (63), tile responses of airphme

A in ¢, ¢, and fl due to fig and D_og as calcuhtted in

reference 6 (fig. 10(a)) are plotted in figures 13 (a),

(b), and (el, respectiwqy Also replotled in
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FIC, UI{E 13. -Comparison between the lalernl re_,ponses of

airplane A in atmospheric tin'huh,nee a,_ determined by

method (,f present paper an(l m('thod of r,4er¢,nee G,

figure 13 are the responses in 4,, 4', and /3 of air-

plane A due to _'_ and w_ as obtained by the more

comprehensive method of this paper. Since refer-

enee 6 did not consider the u_ t'onlponenI of gust

velocity, no comparison is made of the contribu-
tion of lhis eomponenl. Flight eomlitions arc
the same in both eases.

1-n reproducing the fr(,quency-response calcula-

tions of reference 6, the calculate(1 transfer fum'-

lions of ¢/Dc& were found to be in error; however,
this error did m)l affect: the eonelusions made

therein. The power speelral response of (_)D%
shown in fi_re 13(b) has therefore been corrected
and plotted for a somewhat larger frequency range

lhan is given in reference 6. 11[ lhe extended
frequency range d., Dcb_ spectrum which would

be predil'ted by equation (65) is used.

At the lower frequencies the differences in the

response of the airplane due to side gusts as calcu-

lated by the two methods arc due prin(,ipally to

lhe differences in the spectra of side gusls used

! _- (_),B# of ref. 6--. i l

N.-r7 I !
e i iNr
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(b) Power spectral rospnn_o in yaw 'Ingle
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of airplane A.

F_qURE 13. Cord ilmed,

by the two melhods, as shown in figure 12. In
the intermediate frequency range where lhe Dutch

rdl mode is predominanl, a large difference in

peak aml)litudes is indicated by the two methods.

This difference appears to be due to failure ll)
evaluale lhe transfer functions at the exact fre-

quency at which the Dut('h roll mode has maxi-

mum h'equeney content (_,,:3.lG raclians/see for
ref. 6 as compared with _,,,=3.0s rndi,ns/sec for

this paper). In power spectral analyses where

frequency anap]itudes are squared, Ibis fa('lor can

result in appreciable differences, ns demonslrated

in figure 13.

In the t_igher frequency range the differences in

the theories are more pronounced since in this

range the calculated effectiveness of the verlic'd
gusts acting on the wing to produ('e lateral mo-

ments differs with the two theories. As pointed

out in reference 11, the dislribulion of gust,

velocities along lh(' fuselage begins to become an

imporhmt factor in ealcula(ing the yawingmoment

and side force due to side gusts in this frequency

l'tH]ge.
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Io

of airplane A.

II. A SIMPLIFIED _METHOD FOR THE CALCULATION OF THE LATERAL RESPONSE OF
AIRPLANES TO RANDOM TURBULENCE

THEORY

EQUATIONS OF MOTION

The equations of lateral motion for tan airl)hme (ref. 22) are given 1)y

, 1 r . 1

2_Kx_-D-¢_,--2L _pD¢-- 2u[QvzD'_o--_C,rD_--COB 0

1 t 9 1

-- 2uf<..zD_-¢o--2L .pbcb k 2uhz-D:_o- 2 (- ,, D,,/,-- C,,eS= 0

--_C,.,Dg,-CL4a_+2_Dg'o--12Cr,D_-(',. lan y g,_4-2_D#o--Crfl 0

where the subseript o appearing in the inertial a]ldl

weight lerms is used to denote angular displace-

ment with respect to an absolule system of axes

fixed in the general air mass. In calculations of
the motion of an airplane in still air, the angmlar

displacements and velocities appearing in the

aerodynamic terms are identi('al with these wdues.
When flying in turbulent air, however, the air-

phme is subjeclcd to tim motion of h)cal air masses,

(66)

generally referred to as gusts. The relative linear

and an_mflar veh)eities of the airplane with re,_peet
to the local air mass each may be considered as

made up of two parts:

Do=Do°+DOg 1

DJ/=D_Po4- D_ _ (67)

f_=:#o-I & )
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where the subscript g is used to denote gaist velocities. Substituting equations (67) into equa-
tions (66) and transposing the terms resulting from gust disturbances to the right-hand side of the
equation gives the result written in the convenient matrix form:

The matrix

I,, =Iojl,,+,
k& J

(68)

[,A]=

,)_rg 2r_2 1

2 1
-- 2#KxzD --_ ( ',lD

1

is the filmiliar "still air" rigid-airframe charac-
teristic equation, and the matrix

"1 (r 1

1 (_ 1 (, ('7¢_ (70)

1 _ 1

gives the relationship between the aerod3mamie
moments and forces resulting fi'om gust velocities
encollnlered.

In the classical method of treating simple iso-
htted gust inputs (for examph,, ref. 2), [lie elements
of the G matrix wmlld be the "still air" stability
derivatives, the vahles in lit(, gust-velocity matrix
(Debt, Dg,g, and /3g) wouhl t)e those appropriate
to step or ramp functions, and the solution wouhl
be defined by

D¢,X<o)

_to(<o)J v &(_o) a

where [a] -_ is the inverse of [A] with D-.iby.

17nique time responses couht thou be obtained by
taldng the inverse Fom'ier transform of each
solution.

--2gKxzD2--_ Ct D

_xt_-sj---_ C,, D

2#D-- Cr_

(09)

9 1
('#--2 ('Yr) D--(-_t_ rant

IIowever, when the responses of the airplane
to continuous random gusts are to be considered,
the gust velocities can be defined only in a statis-
tical (power-spectral) manner and the resulting
moments and forces will in turn be related only
in a statistical sense. This nleans t]lat the ele-
ments of matrix G cannot be ewduaied in the
usual sense and the effect of random distributions

of gust. velocities along the fuselage and across
the wing span must be taken into account.

FORCES AND MOMENTS DUE TO TURBtrLENCE

In the application of the method to random
turbulence, the sources of the forces and the mo-
ments on the airplane must be considere(l. As

shown in reference 12, yawing and rolling moments
on the wing result from gradients of the hori-

zontal and vertical gusls. Wing rolling moments
and nlon]ents and forces on the fuselage and
verti('al t'lil are produced b 3- side _mists. Although
the wing moments cannot be determined at any
instant as a function of the gust velocities measured
at the center of gravity, the power spectra of
these moments have been determined in reference

12 as a function of the power spectrum of the
vertical gust velocity as measured at one point.
In isotropic turbulence, the speclrum of the side
gusts measured at a point is identical to that of
the vertical gusts. Fo," this reason, the speclrum
of the yawing and rolling moments may be re-
lated equally well to that of the side gusts. This
procedure is used in the present analysis.

I ]:
t

1:
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Spanwise gradient of vertial gust.--In general,

the rolfing moment acting at any instant results

frmn a random distribution of vertical-gust

velocity across the span which has some average

linear spanwise gradient. At, effective gradient
which produces the rolling moment due to this

random spanwise distribution may be defined by
the relation

2

which is derived from the equation

where Ct(w,) is the rolling moment due to vertical

gusts, (C_p)w is the wing damping-in-roll stability

derivative, and D(hg is the equivalent rolling-

gust gradient. Likewise, the vertical-gust distri-

bution at any given instant also produces a

yawing moment. In reference 12, this moment
was assumed to be in phase with the rolling
moment and was determined from the formula

[('.\

C.(w,)= lT _ )w C_(wg)

Substituting equation (72) into equation (73)

gives the yawing moment in terms of the effective
gust gradient:

Spanwise gradient of horizontal gust.--Similar

arguments may be used to show that a random
distribution of horizontal gusts across the span of

the wing produces both rolling and yawing
moments which are assumed to be in phase and

related by
IC,,\

C,(u,)=t _)w C,(u.) (75)

In terms of the equivalent yawing-gust gradient

D_Pg, these moments are given by

These formulas (eqs. (72) to (77)) are in a con-

yen,cut form for application to the present

analysis in which the gusts are considered as
equivalent rigid-body motions of the airplane.

Moreover, since only the wing moments are

influenced by the horizontal- and vertical-gust

distributions across the span of the wing, these

formulas completely account for tile effect of

these gusts on the lateral motion.

Side gusts.---The only remaining source of gust
disturbance is the side gust. In this part of the

report this disturbance is expressed as an equiv-

alent sideslip 13g=vg/U, but the method of cal-

(72) culating its effect is essentially the same as that

used in part I. Effects due to the difference in

time at which a given gust encounters different

sections of the airplane, kno_m as gust-penetration

effects, are accounted for in part I by considering

the relations between tim aerodynamic force and

moment coefficients and the gust. inputs measured
at the center of gravity as frequency-dependent
transfer functions. These relations are herein

converted to frequency-dependent stability

derivatives Cry, (7._, and C, a by multiplying the

expressions used in part I by the flight velocity U.
(73) Expressions for these stability derivatives are

given in appendix C.
To an observer in the airphme the side-gust

disturbance appears as a random velocity dist.ri-

bution which nmves along tlle fuselage and vertical

tail at the mean velocity U. If this speed in

terms of body lengths per unit time is large (as is
(74) usually the case with most airplanes), these gmst

velocities will not change appreciably during their

"time of exposure" to the fuselage. When the

condition is satisfied, the forces and moments

acting on the fuselage arc uniquely, rather than

statistically, related to the side-gust distribution

along the flight path, and phase relations can be

correctly accounted for by treating the fl'equency-
dependent derivatives as complex quantities.

MATRIX SOLUTION TO EQUATIONS OF MOTION

The effects of the gusts on tile wing and the

fuselage-tail combination may be incorporated

into a matrix similar to the simplified O matrix of

equation (70). If this matrix is denoted by CT(w)

(76) and if only those force ,md moment coefficients

are included which will have a significant effect

(77) (for example, side forces due to rolling and yawing
are usually negligible compared with side force
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due to sideslip), the modified G matrix is defined as

[i ]
(c,,),,. _(c,,),_. [c,,,(o,)],,.T

1

[O,(,,,)]= _(c',,,),,, 2 (GD,,- [%(_o)L.,./
o o [c,._(_s)],.__I

(78)

In terms of this matrix, the solution to the equa-

tions of motion given by equation (68) is ob-

tained formally by inversion:

{'_"(')'t
¢,,(,.,,) =[_(_o)1-'[0(_)].

&(_) J

(79)

The inverse of the .X matrix given by equation

(69) is shown in part I (eqs. (26) to (35)) to con-
sist. of transfer functions relating the response in

laleral angular dispbwements to a sinusoidal

rolling momenl, yawing moment, or side force of

_(.,) c_:(_)-

(80)

refit amplitude:

l

[,a(_o)]-,=_i(_)

Inasmuch as the random nature of the moments

resulting from random turbulence makes it nee-

essnry to place the result given by equation (79)

in a power-spectral form, both sides of the equa-
tion must be squared. If equation (79) is squared

in its presenl form, cross-power terms between all

the forces and moments will appear in the fin,d

result. Ilowever, if the product of [a]-_ and

[_(o0)] is tak('n beforehand, then when the product

matrix is squared these cross-power relation-

ships do not appear exl)licitly since their equiva-
lent effect lms been taken into account in the mul-

til)lication process. It is shown in appendix D

that the result obtained by first multiplying these

two malrices before squaring is the same as the

result obtained by squaring each matrix sepa-

rately and including cross-power terms.
Each eh, mcnt in the matrix product of [k] -_

and [_(co)] has the fm'm of a transfer function

relating one of the airl)hme response quantities to

one of the gust components. This relationship is
indicated as follmvs:

[a-,O(,o)]=

(_).D_=(') _(') _ =

(81)

In terms of this matrix product, the rch_tions be-

tween the power speclra of the airt)hme response

and the gust components are given in the form

' qb,_

gP_

i 7, gl

j-),,t,=_

!A' .8,, _I_DO= gl

q)D_g

_. (v3g J

(82)

where the power spectrum of a quantity X is

defined by

qsx= lira 1r_ _ [Xt_ (8,3)

The assumt)lion lms been made that any cross

power between t,lte three gust components is either

zero or negligil)le. Justification for this assump-
tion is made in a subsequent section.

Finally, the gust inputs in isolropic turbuhmce

are specified in terms of a, single qmmlity. The
spectrum of t3= is selected for lhis purpose inns-

much as fig is directly related to the linear gust

component v= for which the spectrum is av'dlal)le

from turbuh,nee theory. Therefore, the final

f,,nn of the equations is Wen by

_3

!De= I

= i_.___2
De= £

" D¢=la-
W

. ID<-'
I &

(84)



THE LATERAL RESPONSE OF AIRPLANES TO RANDOM ATMOSPHERIC TURBULENCE

GUST SPECTRA AND THEIR RELATIONSHIPS

The following relalionships for tile gust spectra

and gust velocities are based ell tile assumptions
of homogeneous isotropie lm'bulenee:

+=_(_,)=%(o,) r=_%,(,_)}. (ss)
,Rg2 = l_ g2 = _g2

HC,'sieally, these relations state thai, regardless
of the motions ov the direction of ll'avel of the air-

plane, {he vertical- and side-_lst components

measured at the same petal on the airplane ]lave

the same spectrum ,rod that the mean-square
vahie of all lhree _lsl componenls is lhe same.

For the purposes of equalion (84), the power

spectra of gust D'a<tients as a funclion of llle gust.
spectra measm'ed a| one petal are required in the

form of the raiios of lhe power speeti'a of DCi)g and

/)¢/g to the power speelrum of fig when [lie latter

is known. Taking the square of the absohite

vahle of equation (72) and considering llle equa-

lion to apply at any given frequency yields

IDO_l=--rC4, _lc,(,,D 12}

t '_)w (86)
4

®,,°,=(c,7).

Dividing bet h sides of equations (86) by the power

speelrum of the side gust or vertical gust (see eqs.

(85)) as mensm'ed ill the center of _'<'lvity gives

_D4g 4U 2 q)C 10eg )

% (C,,),J %,

At any given frequency, lhen

D¢_ = 4U = 'I'cl (,@ (87)WI %

Expressions for bolh power spectra on the right-
hand side of eqnallon (22) are available in the

literature. An expression based on measure-

ments of turbulence in wind tunnels (ref. 19)

which appears to fit well most of the awlilable

data from measm'ements of atmospheric furl)u-

lento (for examl)le , refs. 18 and 23) is given in
terms of & 1)3"

(1+/c )

45

where lc'=o:l-j'{" and [. is the so-ealh,d scale of

turbulence. A plot of equation (88) is given in

figure 14.

Ca]eulations based on analylieal expressions

(similar to eq. (88)) for the gust spectra meamlred

at one poin! are given in reference 12 for die

power spectra of lhe eoetticienls of lhe rolling and

yawing momenls on wings of arlfitrary span which

are subject lo eonlinuous isotropie lurbulenee.
These spectra, which lake into 'leeount ilie

random dislribulions of gusts across the span and
along the flig]ll palh, 'ire _ven in reference 12

for various vahles of Y=bi'L lind for four span-
wise lift dish'ibulions on the wing. Since the

effect, of different lifl distributions was smitll,
only one d isl ribut ion (i he reel a iigula r d ist ribu tion)

is considered and the power speelrum of rolling-

moment eoeMcient due to verti<'al _lsls on the
wing is denoted ]lere by

w/L(C,,),d
ff'c_(,_,)= rd;a XQuantity t)lolted in

fig. 7(a), ref. 12

The quantity plotted in figure 7(a) of reference

%,(/,-')

12 is w,=----_(,q2/Us7r I)ividing the above equation

by equation (88) and subslituting the resull into
equation (87) yMds

D¢, =--4X Quaniiiv
W _ , _ •

plotted in fig. 7(a), ref. 12
1 @ 3k'2

(l+-a.'=)=
(89)

This relationship is plotted in l]gure 15 for lhe

wlrious values of 5' used in reference 12 and as

a function of reduced frequency o/, vchere

, (.oh #-.

<o=U=s_ h: (90)

In a like manner the relationship between the

power speefcra of yawing gusts and side gusls

Ilia.S" be deternlined. ]71'o711equallon (76),

4

+,,+, (C,,))+c,_u+ (91)

Dividing through by the power speelrum of ltm
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FIGURE 14. Power spectral density of the side-gust component of isotropic turbulence.

_L L

-4,

-\i --

L
Ioo

side gusts or vertical gusts as measured a{ the
center of gTavity gives

% (c,,)d %

where at any given freq.]oncE
2 "2 (_

Again, from reference 12, the power spectrum of
the rolling-moment coefficient due to horizontal
gusts on the wing is given by

--"3" 2O _ W2,,,-r.(c,,)..
_c_._= _Ua X Quantity plotted

in fig. 9(a), ref. 12

,c,(/d)
The quantity plotted in figure 9(a) of reference 12 is -- _where _ is trim angle of attack.

u,_L G _a_2/U arr

Dividing the above equation by equation (88) and substituting the result into equation (92) yields the
required relationship behveen the yawing- and side-gust speclra:

DG '(a("5_)-_--4 X Quantitry plotted in fig. 9(a), ref. 12
(93)
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F]CERE ] 5.--12atio of rolling-gust power spectrum to side-gust power spectrum as a function of reduced

frequency w' for various values of fl', the ratio of wing span to scale of turbulence.

This relationship is plotted in figan'e 16 as a
function of z' for a range of values of _'.

Presentation of the data of figures 15 and 16 in

tim form of ratios between the gust sp(,(,tra is not

meant to imply that these data are independent

of the approximate spectra chosen for f_,. These

ratios represent, the filtering effe('t of the wing on

gusts having the frequency spectrum given by
equation (88), and, if other approximations to

this freqneney spectrum were used, the filtering
effect, wouht not necessarily be the same.

DISCUSSION

Tile foregoing development leads to a set or

equations which hold for small (tisl urb_mees about

some trimmed flight condition. In the appli('a-
lion of the method, it is necessary to know the

flight conditions, the stability d('riwttives or the

airplane at. those fligh_ conditions, and some basic

physical dimensions of the airframe. Such quan-

tities are required for any dynamics sludy of an

airplane and, _si(le from the equalions and figures

given herein, no rot(lit tonal information ]s required

to obtain the lateral response of the airplane in

power-spectral form to eonti]mous atmospheric
turbulence.

As an aid in setting up the required calculations,
n list of cohmms and steps whi(.h may be followed

in the cal('ulalion or q,, is given in table III. The

column numbers and |wadings arc listed vertically

in this tal)le; however, they would t)e arranged
horizontally across the top of" an actual calculaiion

sheet:. Although the calculation of q% is used as an
examph,, the same steps are followed rot the re-

sponse of the airplane in any angular displaeem<,nt,

ralc, or acceleration. For a given airphme and
flight condition the fh'st 12 steps (pat'((a)) may

be taI)ulatcd from the equations and plots of this

part or the report. Steps @ to @ (par! (b)) are
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FmL'ag 16.---Curves for determining the ratio of yawing-gust power spectrum to slde-gust power spectrum

values of the r-die of wing span to scale of turbulence #', wing angle of attewk a_., .rod wing sl-d>ility

C_ and C%.

for vflriOllS

derivatives

used for the calculation or the response of [be
airplane in any lateral angular displacement (for
the example, ¢ is used). It is necessary to tatm-
late the real and imaginary parts of three trans-
fer functions relating C_, C,, and Cr to thai, re-
sponse parameter (columns @ to @) and to follow
the indicated steps• For each o[ the other re-
sponse motions or their derivatives it is only
necessary to sut)stitutc the appropriate trans[er
functions into cohmms _ to @ and to repeat the
process.

In calculating the frequency-dependent stability
deriwdives (cohmms @ to @), care shouhl be
taken to insure that, when aJ=0, these derivatives

agree with the steady-state aerodynamic deriva-
tives used in calculating the transfer run('tions or
equation (80).

The method requires a choice of wducs for the

scale of tudmlencc L and the mean square of the

turlmlenee w_a. Very little information is avail-
able at present on the proper magnitude for L;
however, it appears to be within the range of 1,000
to 2,000 feet and probably closer to the lower
figure. The mean square of the turbulence de-
pends on the severity of tbe turbulence to be con-

sidereal. As an approximalion, a value of wg_ or
(3 ft/sec) 2 for light lurbuh'nce, (6 ft/sec) _ for
moderate turbuh, nce, and (10 ft/see) 2 for thunder-
storms may be used. (See ref. 23.)

In the present metht,d the effc('ls of turbulence
on the airplane h.'tve been separated into the

equivalent effects of rolling, yawing, and sideslip
of the airplane in still air. The appli(.ation of
this concept, however, has been made in su('h a
way that the effects of the u-, v-, and w-compo-
nents of the gusts are taken into account as was
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TABLE III. SAMPLE CALCULATION PROCEDURE

(a) Caleulaiion of h'equeney-del_endent derivatives and gus! spee{r:t

49

®

®
@

®
®
®
®
®
@

6::,

@

Column heading

(.d

50 _

R[(cu),,-d
I[(c,,)wd

_[(c,,_),,,,1
R[(c,-,),,,t
I[(c,,),,,1
]D_,/_.,.[ a

1/)¢,/_,12

Inst rue1 ions

b

From eqmttion (C1)

From equalion (C3)

1:tom equalion (C2)

Ouunlity l)lotted in fig. 15

/aCl, \=
Quanli/v plolled in fig. 16 ),( |-_-'/

• \ C'l, .]w

/ _ g 2 L

Qu,'mlily plotled in fig. 14}'<,_

(b) Calculation of roll response

Column
llllnlb(,U

®

®
®
@
®
@
®

$
@
@
®
,®
@
@
®
®
®
®
®

®
@
@
@
@
@

Cohmm heading

R(¢/C,)
I (_/C,)

R(¢,/C.)
I (¢/C.)

R(_/C,)
I(_,/Cr)

l¢/&7

I¢/D¢, 2 oI¢./D_,,I' In¢..%l-

¢..,pC, ._
I¢'D¢,P i ¢,.'_. :

cI,,_

Insl rucfions

gvahmlion of airframe lrausfer func-

tions (eqs. 26 to 35) at sl)('cified
vllhles of to p

®x@ @x®
@x® k®x@
®x@-@x@
@x@+®x®
®x@ @x®
®x®+®x@

@+@+@
®+@+@

@2+ ®._
_(c,_)..x®
(c,.)..x @

_(c.,)w×®
(c.,,) wx ®

f®
@-_+ @-"
®X@

'_(C,/_w×@
_(c,,swx®
(c,,_) w'x®

®_+ @-'
@X@

@+®+@
@X@
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done in part I. Although the procedure of part
II differs from that of part I, exactly the same
effects are trealed in both metho,ls and both

methods yield the same resulls. This agreement

has been verified by using the present method to

caleuhtte responses h)r the example airplanes

of part I. Since the responses of three airphmes

are presented in par(; I, no numerical examples

are presented in part II.
One distinction should be noted be{ween the

present method and the more conventional
treatment as contained in equation (68). In

the conventional treatment, yawing gusts are
assumed to include both the rotational effects

introduced by _adients of side gust along the

fuselage and by _adients of horizontal gusts

across the wing span. Thus, the wflues of Ct,,

C,,, and Cv, of equation (70) would be those for

the entire airphme. In the present me(he(l, the

yawing gusts are assmned to include only the
effects of horizontal gusts on the wing, and the

values of (C_r) w anti (C,,,) W used in equation

(78) are those for the wing alone. Rotational

effects of the side gusts along the hlselage are

eomph, tely accounted for by the complex stat)ility

derivatives (C,_)wr, (C,_)FT, and (Cr_)pr. This
metho(l is used because it allows the utilization

of the more accurate calculation o[' the fusehLge

penetration effects given in reference 11 and

because the separation of the effects of the wing

and fuselage allows the random distribution of

horizontal gusts across the span to be taken into
account.

With most current airplane configurations in

flight at low angh,s of attack a simplification of
equations may be obtained by neglecting the

yawing gusts on the wing. lu the numerical
examph,s of part I it was observed that this gust

component had a negligible effect in all degrees
or freedom for the airplanes investigated. This

result is the hasis for the assmnption made in
the deriwttion or the method used herein thut

the cross power between the gust-velocity com-

ponents may be negleeted. By the theol T of

isotropie turbulence only the cross power hetween

the components herein referred to as yawing

gusts and side gusts exists. However, when the

yawing-gust contribution to the motion of the

airplane is small, negh,cting this cross power

appears to be justified.

It. was _dso found in part I that the further

simplification of negle(.ting the contribution of

both rolling and yawing gusts in calculating the

response in sideslip is justified.

The plols of the ratios of rolling gusts and

yawing gusts to side gusts give a i)hysical picture of
the relative importance of these _lst disturbances

at various frequencies. For eah'ulation purposes,

the plots of the quantities D¢_ 2 !F@_ 2
W and iW as

functions or frequency on log-log paper (fig,s. 15

and 16) are convenient, but a plot of this type

gives a somewhat distorted l)ieture of the true
variations of these quantities. For this reason,

plots of ,_ and i_-_I as functions of frequency

on linear scales are given in figure 17. Frequency

is plotted in terms of the ratio of wing span to gust

wavelength b/X. These curves show that, for the

small values of B' (ratios of wing span to scale of
turbuh,nee) ordinarily encountered, the ratio

I_,%m

tL_ falls on curve function of
fig or I Pgf a single as a

b/X, exeel)i at low values of b/X. The curves reach

a peak in the neighhorhood of b/X=0.5 to 1.0, as

might be expected on the basis that the spanwise

averaging effeets wouht become important when

the gust wavelength is shorter than the span. The

hypothesis, expressed in reference 8, that lhe gust

gradient measured along the flight path wouhl give
an approximation to the effective spanwise gust

gradient is indicated by the dashed line drawn on

the figure (fig. 17(a)). The agreement in the
trends of the curves with this dashed line shows

that this hypothesi_ may t)e a reasonable exl)lana-
tion of the mechanisna of the rolling and yawing

effects of turbulence over an intermediate range of

wavelengths. At shorter wavelengths, the span-

wise averaging causes a deerease in the eft'eels;

whereas at hmg wavelengths, or h)w frequencies,

another nmchanism apparently comes into play to

increase the rolling and yawing effects. This
mechanism is believed to t)e the chance encounter

of the wing with rolling and yawing gusts dis-
tributed ahmg the flight path at relalively long

intervals. This effect increases with the r,tlio or

wing span to seale of turbulence. Possibly this

result occurs because a wing of larger span

effectively samples a larger po,'tion of the allnOS-

phere and is therefore more likely to eneounler

rolling and yawing gusts. This effect might be
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(a) ]{atio of the rolling-gust, component to the side-gust component. The approximittioil based on a constant anti-

symmetric gust-velocity gradient over the wing span is indicated by the dashed line.

FrCVRE 17.--lRatio of the absolute amplitudes of the rolling- and yawing-gust components to lhe side-gust component

as a function of the ratio of wing span to gust wavelength.

important, in explaining increased laleral-eolltrol

dilticulties of large airplanes during landing
approaches in rough air, if it can be shown tilat the
scale or turlmlencc decreases ai low altitudes.

CONCLUDING REMARKS

By resolving the gust velocities or r,mdom iso-

tropic atmospheric turlmlenoe into three eompo-
nerl(s aliricd with the stability axes of an airplane,

the lateral forces and nmments on lhe airplane and

the resulting lateral motions of the airphme have

been derived. The method involves the compu-
tation or the statistical forces and moments ex-

perienced by the airplane due to isotropic turbu-

lcnce having random variations along lhc fuselage
and across the wing span. On the hasis of these

gusl-induced forces and momeills rerercnced 1o the

center or gravity of ihc airplane, lhe power speclral

response of lhc airphine in any laleral degree of

freedom (bc it displacement, velocity, or aceelera-

lion) may be computed by using the appropriate

transfer functions or the airplane. Since the gust

velocities, the forces, and the moments are defined

along the flight path in lerms of their slatislical

average, the restllling motions are defined in terms

of their power speeh'a, the mean-square wllue of

the gust vdocitics, and lhe scale of atnmspherie
I urtm]ence.

By using this method, calculations have been

made on three airplanes, which differed in size,

experiencing conlinumis atmospheric lurbulence

while in a t rimmed condilion of low angle of atlack.

011 the basis of these examples, certain possible

simplifications to the equations have been brought

out. Primary among these are the negligible
effect o1"horizontal gusts ug and the minor contri-

buiion of side ro,.ce in computing the molions.

In general, then, lhe lateral motions at low lrhll

angh,s or itltack liFO (all., primarily Io tile ability

o[' lhe side gusls _'_and vertical gums u,g to produce

yawing and rolling nlomonls on lhe airphtl-ie.

With regard Io lateral niolions the method used

in parl I for considering randolii varialions of lhe

gust velocities along the fuselage and across the
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(b}

(b) Ratio of the yawing-gust component to the side-gust component.

FmURE 1 7.--Concluded.

span is a concel)l hitherto only approximated with

constant gradients of gust velocity or completely

ignored. Such approximations do not appear to
be justified for gusts having wavelengths shorter

than twice tile span or fuselage length of the air-

plane. Although these less comprehensive meth-
ods correctly predict the trends in the vicinity or

ttl_, Dutch roll mode of the airplane, they lead to

the erroneous conclusion that the power spectra

of the lateral motion due to the unsymmeh'ical

componenls of the gust across the span (bwjb!l

and bu_,_y) fall off to zero at wavelengths greater

than the integral scale of the turbuhmce. The

magnitude of difference between the methods in-

creases with frequency above the Dutch roll mode

since in ibis general region of frequencies the

short-period (with respect to the size of the air-
plane) random variations of gust velocity along

the fusdage and across the span have a predomi-
nant effect Oil the moments and motions of the

airplane.

In pa,'t IT a procedure is presented for calcu-

lating in power-spech'al form the lateral response
of airplanes to random atmospheric turbulence.

By following the tabulated sample calculation

procedure, these calculations may be made in a
routine manner without detailed knowledge of the
derivation of the method. It has been ve,'ified

thai the method of part I and the method of part

1I give identical results. The method of part II

requires simpler calculations and provides a clearer

physical picture of the rdations belween the var-
ious sources of lateral gust disturbances.

I,ANGLEY ]_ESEARCII CENTER,

_ATIONAL AE'RONAI-TICS AND SPACE AD_nNISTRATION_

LANGLEY FIELD, VA., ,TMy 23, 1959.



APPENDIX A

PROOF OF POWER SPECTRAL AND CROSS-POWER SPECTRAL RELATIONSHIPS

The physieaI aml theoretical aspects of statis-

tical methods or a,nalyzing dynamic systems (gen-
eralized lmrmonie analysis) have been treated in

a number of excellen! papers. (Among these arc
refs. 13, 14, and 21.) The following definitions

and proofs are purely a mathematical means of

ulilizing [he slalistical concept aml shouhl be

treated as useful supple,nents to l],e referenced

siatistieal fl,eory.

Consider lhe simple equation

_+_ (A_)

where 71, 6, aml _ are complex variables and n,/_

and n;v are complex transfer functions such thai

R(_)+iI(_)

v )

(A2)

Will, the use of an asterisk {o denote the conjugate

of a complex quantity, it. is also lrue that

(;)*+¢)"_* (A3)_/*= 6*

Thus

and, in fact,

("%* F(efa \./ =L\_/

Since the sum of a complex nmnber and its con-

jugate is equal lo twice the real part, that is,

(R +il) + (R--iI) --2R

then the substitution of equation (A5) into equa-

tion (A4) yiehls

Ill is equally true to write

so that either form may l)e used.

Dividing both sides of equation (A6) by T and

taking the limit of the statistical variables as T

approaches infinity give [he form

lira !.,],o]_=_2lim 1T,_i]-+l;l°_2 'TIVI_;i,_,

;, ]+2R n lira _*_ (:+kS)
P [/'-+ _

, r/ ';7 * , _ r/ **

By expansion in terms of equalions (A2) it may
be seen that

a.*= (a*_)*

n (n'_* F(,f_%]*

where, 1)y the definitions of equalions (5) and (6)

of the text, equation (AS) is equiwden! to

+=i _, 2 n_2 . r

If the two varinl)h,s v and 6 are statistically

independent, their cross power is zero. For equa-

tions with more than two variables the process is

identical and, of course, yields more terms. For

an equation whose solution is a function of m

variables, there will result m power-spectrum

53
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terms and _ (n--l) cross-power terms in the
'n=l

form of equation (A9), or in the equivalent form

based oil the identity of equation (A7).
For the cross spectrum between two statistical

variat)les not appearing in the same equation,

consider the equations

and

E

_+_ v (All)

where the complex variable e, in addition to tile

definitions of equation (A2), is defined by

e=R(_)+ _'I(e) (A12)

Multiplying equation (A3) by equation (A11) gives

(A13)

where the identity

may be proved by the use of equations (A2) and

(All), so that

(A15)

Dividing both sides by T and taking the limit of

the statistically dependent variables as T ap-

proaches infinity yield

tim)/,, =_,-_] _T,_,l*i2+ lim Ivl2T-_= T_'m

+2R L\-; / _ T_

By the definition of equations (5) and (6) of t,he

text, equation (A16) becomes

C)*' C)'' [() ' ],v.= a a,_+ ; ;¢_+2R _ *ae_,_ (Air)

where again the identity

may be used in equation (A17) when desired. As
before, (I,_,=4,_, 0 where _ and _ are statisti-

cally independent; but, in general, where the two

equations are both functions of *n variables, there

will result m power-density terms and 2_ (n--l)
/| = 1

eross-powel' terms.



APPENDIX B

RELATIONSHIP BETWEEN POWER SPECTRA OFTAIRPLANE FORCES AND MOMENTS AND
POWER SPECTRA OF GUST VELOCITIES

Consider the system defined by equation (2) of
the text, which is rewritten here for convenience
in tile matrix form

{C,} = [a,,,,] {u,,,} (B1)

where Ci is a force or moment coemeient (C_, C.,

or Cr) and aj,, is a transfer function relating Uj

to u,,. The gust velocities ul, u.2,and Ua (u,,_ where

re=l, 2, or 3) are the three ort.hogonal velocity

components of isotropie turbulence, and the cross

power between any two components is zero; that
is,

45,qua= #/,,,aua= g,uau,= 0 (B 2)

In the power-spectral domain (see appendix A)

the first equation of the system is defined by

epe,= lan 1_-eP,,4-la, a12(l,,,aq- la,ai2q%a

+ 2R(a.*a,..,q',,,,,,.+a,/a,a_,_a +a_a*a,,_a_, )

(g3)

All the cross-power terms of equation (B3) arc
zero. The olher equations yield similar results;

therefore, the system is defined by

{,I,c, } = [la,,,['] {,I,,,_ } (134)

which is the result given by equation (9) of the
text.

Now consider the cross-power terms of tile Cj matrix, where, for instance,

] ,

T-q' _ 1

E2 ]r-_ _ "1'1,,i71 ._l a 2,,,u,,,

3 3
__ , ] . *

--hmv,_a,,_ u,,, __,aa,,u,,
T_m l m=l m=l

1 a
=lim _,(Y] * *a_,,, a.,.,,,u,,_ Urn+6 cross-power terms involving u_*u.2,

T4_1 \m=l
u_*ua, and so forth) (B5)

In the limit, then

a 1 ,
ePqc 2 - _.2 a,,_*a,,_ lira ,_,,u,,, u,,,+O

m=l T-_J

3

= _-]ai,_*a2,_,_ (B6)
nl=l

where by definition

1 , 1 2
q,,, =lira =.,u,,, u,,=lim _]umt (BT)

A similar deriw_tiou for the other two cross-power eombim_tions yields similar results; therefore, in
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general,

{®<'s',}=[aJ,,,*"_-,]{®,,,.} (j #t.) (r_Sa)

where C_ is also a force or moment coefficient and

a_,, is a transfer Nnction relating C_ to u,,,, and

{_vf.}=[fas,.Iq (_,,} (j=k) (BSb)

Equation (BSb) is seen to be identical to equation

(B4). In expanded form, for the ease considered

"+*++:+++'++/+++
ePcac,J [._aai*aH a32*ala aaa*aiaJ L cI'+g

(B9)

In the terms of equation (2) of the text, this result

is equivalent to equation (10) of the text. Fur-

thernmrc, other equ.dly correct arrangenwnts are
possible, since

{_I'cacj}= {q)cj*ce} (BlOa)

{%_.)=[I..,_PI {%,} (j=k) (Brow,)

Equation (B10c) is identical to equalions (B4)

and (BSb).

APPENDIX C

FREQUENCY-DEPENDENT STABILITY DERIVATIVES DUE TO SIDE GUSTS

All derivatives are referred to the center of

gravity of the air'plane. The coefficient or rolling

moment due to side gusts on the wing and vertical

tail is given by

C D/1 ban _ [I,-_
[(_t_q (50) ]PV_": (C/J) IF _-- (I_) T b C +_)< t _ _,,;" -)

(c_)

The coeffwients of side force and yawing nloment

due to side gttsts along the fusehtge and vertical

<.nil (see ref. i1) are expressed by

9_ f'L_ 2

[(_,-_ (_o)]r r =_.' { _1]_;[1--(1 -- iko) e'%]
itll

+ t,h+_)[+-'+,-- (, -- il_',+ -- (C2)

2r ¢t' x1

+ (x_--x,) (s,--,,') 2F(2k. _k _- i2-- ik,k,+ ik2 2) e tk 2

(t'a--t'l) 3 L " "

--(kt--i2) e-_'])(C3)

wheFe

k_ =_, (_'_= 0,1,2)

and where zo, zt, x2, So, and ._'lare the profile dimen-

sions of the fuselage and vertical tail. These

profile dimensions, as given in the derivation in

reference 11, are illustrated in the following sketch:

I X2
4

The fuselage is an ellipse truncated at the center

of gravity, 2su being the lengt.h of tlhe minor axis

and 2x0 being the length of the major aMs. The

vertical tail is a right triangle of base x_--x_ and

lieight s_--so.
A_ _o=0, equations (CI)_ (C2), and (C:3)

become, respectively,

[C,_(<_--0) ],,,,,= ((',,),,,-_ (C',,_)_ (C4)

--_ I2<?÷ (s,- So)q (C5)[c,;(.=0)]..=

c, 2,_[-__. o _.o+(+_ +o)(.,,+ _j][ ,+(<_=o)1,,,,=_,b _' _ . _,

(c6)

These quanlitics shouhl be made numerically
equal to the steady-state stal)ility derivatives as

obtained from flight-lest, measurements or more

exact theories by suitably adjusling the dimen-

sions of the assumed fusdage-tail profile.

l



APPENDIX D

TWO EQUIVALENT WAYS OF EXPRESSING THE POWER SPECTRAL RELATIONSHIP

BETWEEN GUSTS AND AIRPLANE MOTIONS

The statement is made in tile main text that,

in tile derivation of the power spectral l"elalion-

ships between the airplane motions and tile gust-

velocity inputs, tile same result is obtained whether
tile matrix relationships are treated in tile form

or in the form

r.x-'(_o)J_ ld(_)I _ (D_)

!a-'O(_)7 (D2)

In the former ease, cross-power terms between the

elements of tile matrices (i.e., between tile mo-

ments and forces on the airplane due to each gust

component acting on the various paris of the air-

plane simultaneously) will appear, whereas in the

latter ease, these quanlities do not appear explicitly
but are taken into account when the matrices

are first multiplied together. The former ap-

proach is used in the method of reference 1; the
latter and simpler approach is used in the method

of this paper. In order to show the equivalence

of the two approaches it is necessary only to prove

equality between equations (DI) and (D2), thai

is, that the square of the abs_flule value of the

product of two matrices is equal to the product
of the squares of their absolute values. Since

matrix eq_mtions may be treated as linear alge-
braic quantities, the matrix equality defined in
the main text

[.X(_o)]-'[(_(w)]= [._- @(_) ] (D3)

will be denoted by the complex quantities

.IB C (D4)

The complex conjugate of this equality may be
shm_m to be

A'B*= C* (D5)

Multiplying equations (D4) and (D5) yields

. L I*BB*= CC*

which is equiwdent lo

IIenee,

la-'(_0)l = [&_o) I_----ta-'&_) I' (D6)

where the elements of these mMriees are likewise

complex quantities.

Insight into tile difference between the two
approaches may be shown by considering one

element of the [,X-@] matrix. Expanding equa-

tion (D3) by means of equations (78) and (80)

of the. main text gives

( ,,),,,

G cZ _';, 2(e.,)., =_;

0

or, in its expanded form,

4, 1 4, 1 4,
_-_g=_(C,.),,,E+2(C.,)w (_;, (D7)

]-f the real and ima_nary parts of equation (D7)

are gTouped, then tile absolute value squared of

equation (D7) becomes

gl_q, , ±.1 _
+ (I L2 _ ,pro. G_2 (G,p),r U.])(DS)
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7-

A different form involving cross-power terms may be obtained by writing the conjugate of

equation (DT)

D4,_--2 (',)w \C,J 2 (C%)w [': (D9)

and obtaining the product of equations (D7) arid (D9):

¢ {'¢'_* I _¢ ¢ * 1 2¢ ¢ * I ¢ ¢ * ¢ ¢ *

Since

l(_tl

and

equation (D10) may be _witten in the form

¢ *

[I (°;] is the cross-power term between the rolling and yawingThe term 2R (C,.)..(G.),,._:_.;(v_,_

moments on lhe wing, and had the coeffieien! (('r_) w not been zero lwo mhcr cross-power terms
wouhl have appeared.

The expressions of eqnulions (DS) and (Dll) are eqniwdent. Either form may he used, but,

for the purposes of part II of this report, equation (DS) is mm'e useful aml the illustrative tabulation
process has been set up on this basis.
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